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In this study, we introduce a new notion called non-linear Diophantine linguistic term sets, which is a
hybrid of the non-linear Diophantine fuzzy set and linguistic term sets. Initially, we will go over the
fundamental idea of fuzzy sets and its generalization. Discuss both linear and nonlinear Diophantine
fuzzy sets. Following that, we describe the non-linear Diophantine linguistic term sets, as well as their
score and accuracy functions. Next, we define the operational rules and aggregation operator for the
proposed notion using the Hamacher t-norm and t-conorm. Furthermore, we modify the TOPSIS
approach for non-linear Diophantine linguistic term sets using the Hamacher aggregation operator. Next,
we apply the proposed approach to the selection of mathematical thinking tools, gathering reliable
guidance from three experts. To aggregate these experts' data, we use the Hamacher aggregation operator,
followed by the modified TOPSIS approach for the final data. According to the presented framework,
Abstraction is the most effective mathematical tool. Finally, we compare the proposed model to existing
approaches to ensure its accuracy and applicability. Comparative study shows that the proposed
framework appears to be accurate and flexible to real-world decision-making challenges.

1. Introduction

Multi criteria decision making (MCDM) [1-3], a subfield of operations research, deal with identifying the optimal answer.
When making decisions, viable solutions are explicitly weighed against conflicting criteria. MCDM is a crucial part of
contemporary MCDM frameworks. DMs usually have to provide information on the evaluation across several sorts of
qualities since the actual world is so complex, attributes are unclear, and individual judgments are subjective.

The fuzzy set (FS) concept with membership degree (MD), first proposed by Zadeh [4] in 1965, is a useful
technique for managing unclear and confusing data in everyday life. In addition to FSs, he introduced the important
concept of linguistic variables [5] (LVs). We can solve multi criteria decision making (MCDM) issues using a variety of
mathematical techniques and translate conversations into mathematical expressions using LVs. In 1986, Atanassov [6]
developed the idea of intuitionistic fuzzy sets (IFS) by building based on FSs. In IFS, the total of the MD and
nonmembership degree (NMD) must equal one or less. In some instances, the DMs may allocate some feature to the MDs
and NMDs such that their combined totals exceed one, when the total of their squares is one or less. In order to address
this issue, Yager [7] developed the Pythagorean fuzzy set (PFS), which is a type of IFS. An MD and NMD squared
combined that is less than or equal to one is called PFS. While the development of PFS has solved many issues, there are
still a number of cases it is unable to solve. Take for example a decision maker with a MD of 0.9 and NMD of 0.6; such a
case would exhibit IFS and PFS would be powerless to help. To resolve this issue, T. Senapati and Yager [8] proposed the
Fermatean fuzzy set (FFS) with the stipulation that 0 < MD3 + NMD 3 < 1. Although FFS has resolved many cases,
there are still many instances in which it has been unable to overcome challenges. For instance, IFS, PFS and FFS cannot
resolve the issue if a decision-maker is presented with an MD of 0.9 and an NMD of 0.8. With the caveat that the total of
the g-power of MD and NMD must be between zero and one, Yager [9] proposed the idea of a q-rung orthopair fuzzy set
(g-ROFS) to address these types of scenarios. In essence, q-ROFS integrated the ideas of FS, IFS, PFS and FFS.
Numerous researchers from a range of fields have employed g-ROFSs; most recently, they formulated and resolved the

20


http://www.mathfuzzyjournal.com/

Journal of Fuzzy Intelligence Volume 2, Issue 1 (2026)

MCDM issues utilizing tangential-based operational principles and q-ROFS aggregation operators [10-13]. Figure 1 show
the comparison of these concepts.

The Linear Diophantine Fuzzy Set (LDFS), created by Riaz and Hashmi [14], addresses the drawbacks of
existing methods by combining MG and NMG with reference parameters (RPs). Because RPs is included, the LDFS
model is more effective and accurate than other fuzzy models. The range of 0 to 1 in LDFSs represents the total of RPs
with product to MG and NMG, respectively. However, LDFS has limited itself to reaching its RPs aim since in some real-
life issues, the total number of RPs that an option meets the requirements attained by DM is frequently larger than one.
Almagrabi et al. [15] presented the notion of a g-rung linear Diophantine fuzzy set (q-RLDFS). The q" power was added
to RPs that included the available space of the current MG and NMG structure associated with RPs. The MG, NMG, and
RPs all contribute to the idea of g-RLDFS; the total of the g™ power to RPs pertaining to MG and NMG falls between
zero and one. In the case of LDFS, the MADM issue is limited since the sum of the RPs provided by DM may be more
than one. This requirement can be addressed by the q-RLDFS idea, which eliminates the LDFS incompatibility. The set of
feasible Diophantine grows as the g™ rises, and more Diophantine satisfy the border restriction. The core benefit of the g-
RLDF way is that it reflects the qth power of RPs, suggesting that it may be charity to real-world DM issues. The g-
RLDFS, a unique LDF extension, and looked at its salient features. The idea of g-RLDFSs is a original way to
characterize uncertainty in DM. As it syndicates the gth power of RFs with MG and NMG, which were also introduced,
the g-RLDFS is more adaptable and reliable than present g-ROFSs and LDFSs and it is mentioned to as the Non-LDFSs
(N-LDFS). Many researchers utilized these concepts to solve MCDM challenges [16-20].

Intuitionistic Fuzzy Set (IFS) Pythagorean Fuzzy Set (PFS)

FMD
FMD

MD MD

Fermatean Fuzzy Set (FFS)

g-Rung Orthopair Fuzzy Set (g=4)

FMD
FMD

05 0 07 0.8 09 1 0 01 0.2 03 0.4 05 08 07 0.8 09 1
MD MD

Figure 1: graphical representation of IFS, PFS, FFS and g-ROFS.

In this work, we present the new idea of N-LD-Linguistic Term Sets (N-LDLTS), which combines N-LDFS with
linguistic term sets. We adjust the TOPSIS method for the NLDLTS. The primary contributions of this work are as
follows:

i. The novel idea of N-LDLTS.

ii. The establishment of the operational rules and aggregation operator for N-LDLTS.

iii. The description of the accuracy and score function for the N-LDLTS.

iv. Modification of the TOPSIS approach under the Nonlinear Diophantine linguistic word sets.

v. The analyses of the mathematical thinking tools based on the given model and choose the best one.

vi. Assessment of the model's accuracy and reliability by comparing it to the existing model.

01 0.2 03 0.4

2. Foundational Ideas
In this section, present LDFS and N-LDFS.
Definition 2.1: [14] LetX be universal setX. Then, LDFS D on X is given by:
D= {((S' mD((S)'nD((S)): (a! B)lcS € N}, (21)
Where m;(€): X - [0,1], and ngy(€): X - [0, 1]denotes the functions for MD and NMD. (a, 8) Represent reference
parameters which belong to [0,1] with the following condition:
0<amy(C) +pny(C) <1With0<a+p=<1
Definition 2.2: [15] Consider the universal setX. Then, N-LDFS$ on X is described as follows:
Where mg(€): X — [0,1], and ng(€): R - [0, 1]denotes the MD and NMD respectively, (a,B) representreference
parameters belong to [0,1] with the condition:
i 0<amg(®) +p mg(® <1withsr =1
ii. 0<a”"+p7<1
Definition 2.3: Consider the universal setX. Then, N-LDLTSS on X is described as follows:
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S = {(€,Sunry Suayy ) (@ BIE € X}, (23)
Where § :X - [0,4], and §, :X - [0, #]denotes the MD and NMD respectively, (a,8) representreference

ma(y) nQ(3)
parameters belong to [0, 4] with the condition:
@ Smacy | P Shacy
42 42
i, 0<Z+5 <1
=, t,=s1
where,§q|Q = 0,1,2,3, ..., & represent the LTs with lower and higher limits are denoted by §, and §,; of the LTs
respectively.
Definition2.4: If J; is N-LDFS, then the score function of N-LDLTS are described as follows:

[ /S, S -
~ 1 ma(3p) "3 a;” B
SF(S) = > ( - ) + (7 — 7)] (2.4)

i. 0< < 1withs» >1

Definition2.5: If ; is N-LDFS, then the accuracy function of N-LDLTS are described as follows:
'<5mn(3i> Sna(3))
+

=3 ) ) 29

2 2

Definition 2.6: If §; and J, are two N-LDLsz, then the two N-LDLTSs compered based on score and accuracy
functions:

LOIfSF(30) <SfF(@)then 3 <3
i 1FSF(3) > SF(I)then 3y > 3,
LIS (31) = SF(J2) then,
a. Af(31) <Af(3)then §; < 3,
b. Af(3,) > Af(S,)then 5, > 5,
C. Af(31) = Af(3)then J; = 3,
Definition 2.7: Let T and S be Hamacher norms [21] and can be define as:

_ Xy
TG y) = gty ¢ =0

S(x,y) = (x+y—xy)-(1-p)xy 0=>0

1-(1-@)xy
. = 5 ;5 o~ ] S IS ) .
Definition 2.8: If 3, = {( maGy “ﬂm)) ] and S, = [( ma(32) “ﬂ(w) } are two N-LDLTSs, then the essential
(ay, B1) (az, B3)

properties of N-LDLTSs are described as follows:

Smagy M) *masy Smas) gy oG *mas2)
& & & & @ & &
/6/ )

Sma(g,) ma(s,) )

| 1—(1—<p)< y y

)

o) “racs)
f“ & &
lagy) M) | hacy) “rass)
@+(1-¢) % t % } % %

[+ () €@))-a-o(() D))

( \
"k @) @) )
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Definition2.8: The collection of N-LDLTSs is represented by J; = {(

(lpl, lpz, Lpg, e
the N-LDLHWAA: J;" = ;.
N-LDLHWAA(S:, 52, 3, - -

’ Sn) = e{l:lqjisi

S

Smﬂ(si) ’

(i, B:)

"a(3;)

)} (i=123,..,n), and ¥ =

,W,)?% is a weight vector with ¥; > O0and Y.I-; ¥; = 1. Then, N-LHDLWAA operator will be mapped by
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S Wi S ¥
n Ma(s;) n Mo(3;)
[I[L|1+(@-1) —% -~ 1= —
& | S v, S "
n mﬂ(Si) n mn(Si)
\Hm 1+ -D|(—5 + I - D[ 1-—5

Sna | ’
?:1‘!’( /5,1 )
& = ”
|\1—[n (1 Y (-1 (Snﬂ(ﬁi) >) _ ( " (JJ)
= i=1 @ ) ) Hz—l((p 1) 1 &
/ | an\) an™\ )
[ (i e-n(@)) -ma(-(@))
| Wi Wi
k\jn?l(l +-1 ((%)r)) F -0 (1- (%))

& ( e (5%)4”)%
J ?=1<1 +(@-1 ((%)3) e -1) (1- <%>4~>wi

. . S , S, , .
Theorem 4.1: The collection of N-LDLTSs is represented by J; ={< ma(3;) “Q(3i)> } (i=1,23,..,n)and

(ai, B)

Y=(¥,¥, ¥, .., ¥,)% is a weight vector with ¥; > 0and Y,i-; ¥; = 1. Then, non-linear Diophantine linguistic
Hamacher weighted averaging aggregation (N-LDLHWAA) operator will be mapped by the N-LDLHWAA:

;" — ;. Then, the aggregated values of the N-LDLHWAA operator are again N-LDLTS.
N-LDLHWAA(S;, 32, I3, --» In) = O ¥iJ;

) ¥ S Wi
(o) w2
Smagsy B Sma) |
iz 1+(¢'_1)< zvl> +H?=1(<p—1)<1— 1/)

b

]

/ n Snn@i) .
&l i=1 9P &
k ( Sray )qﬁ Snas )
(1 e-n(Z2)) - me-n(1-252)
i r ¥i ~ Yy
1 (1 e-n(@)) - (- (&)
¥y

/
e (+ 0 -(@)) Mo (- (8))
(

o (W(%)T
\J ?=1<1 -1 ((%y)) - (1))

Proof: For this, we apply the mathematical induction approach.
For n = 2, we have
N-LDLHWAA(J,,3;) = &, ¥;3;

|
"
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b

Thus, for n=2 is proved.
Suppose for n = k is proved
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Now we check forn = k + 1, we have
N-LDLHWAA(SJ:, 32, 33, - -

’ Skv Sk+1) = 91(;111{111311
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3. TOPSIS Method under Non-Linear Diophantine Linguistic Information

Making decisions is important in real life, and there are numerous ways to do it. In this study, we develop a unique model
for non-linear Diophantine linguistic information based on the TOPSIS method. Let 4 = {44, £,, #3, ..., £, } be the set of
n alternatives and C = {C;, C;, C3, ..., Cp,} be the set of m criteria. Let E,|r = 1,2,3,....1 be the expert opinions. The
TOPSIS method for non-linear Diophantine linguistic information contains of the resulting steps:

@

Figure 2: Flowchart of the proposed method
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Step 1: We collect expert judgment using non-linear Diophantine linguistic information

(Smﬂ(Su) 'Snn(sm ) ’ (Smﬂ(Slz) ’5“0(312) ) ! (Smﬂ(31m) ’ Snmslm) ) ’
(a11,B11) (a12, B12) (@1m> Bim)
(Smn(321) ! 5"9(321) ) ! (Smﬂ(Szz) ! S“Q(Szz) ) ! (Smn(mm) ! S“n(ﬁzm) ) ’
(az1,B21) (az2, B22) (@2m) B2m)
E. =
" (Smn(331) ! 5"9(331) ) ! (Smn@gz) ’ 5“0(332) ) ! (Smﬂ(33m) ! Snﬂ(53m) ) ’
(az1,B31) (azz, B32) (@3m, B3m)
(Smn(sm) ’ Snn(sm) ) ] (Smn(snz) ’ Snﬂ(Snz) ) ’ (Smn(snm) ’ Snmsnm) ) ’
i (anli ﬁnl) (anZJ ﬁnz) 7. i (anm' Bnm) i .
Step 2: We combine these expertsEgz|f = 1,2,3,...l opinion with known corresponding weights

¥ = (¥, ¥,, ¥, ..., ¥)3with condition that ¥; > 0 and Z;f:l W, = 1 by suing the N-LDLHWAA operator.
N-LDLHWAA(S:1, 32 330 - 31) = B W5y,

14@-D|—5 || +Mule-D(1-—F5—

S * y *
mﬂ(ﬁi ) m“(3i i)
( Mpoa| 14+ @D —5= || —hu| 1-|—5—
&! S, v S v |
mﬂ i mﬂ i
\Hfle (31)) (31))

S, ¥s
a(3i))
M-r0( —5~

“ra(sy)
— Mslp =D 1 ——5~

! Qi Py ainT ¥y
AT, (1 +(p—1) ((7”) )) —ITj=1 <1 - ((%) ))
' + I — 1) <1 - <%)4~)w
Y
&)
” Hél:l (1 +(@-1) <<%)4’>)‘Pf _ Hiz:l((p -1) <1 - (%)’”)‘Pﬁ

+ +
S A Su ,
Step 3: We use the score function to compute PIS (3;*)= << “(31‘)) < “(51)) ) and NIS (3;7) =

((ij)+, (ﬁj)+)

() )
a(3)) (3;) in order to process the model.
((a) . (8) )
Step 4: Using the following formulas, we calculated the distance between alternatives and PIS/NIS.
+ +
‘sm - ‘sm Sn - Sn
a(3y) < a(3)) ) o(3y) < a(3)) )
+ +
|0‘if = () | + |,8ij - (B)) |

1 +

2

:7';:.+=
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S ~ (g > [+ [5ue ‘_(‘S“sz(s,-)) |
|ay = (o) | + 165 = (8) |

Step 5: The following formals are used to compute the row-wise weighted totality of the distance values.
m

1
Ti;j =3

+

Tij

NgEling

S

wyt =

2]

Tij

w,” =

[y

j=
Step 6: To make the final decision, we calculate the relative closeness index using the following formulas.
w,”
'hi =

(wﬁ + uT,‘)
Figure 2 illustrates the proposed method's step-by-step processes, from expert information to final decision.

4. Case study

The selection of the best appropriate mathematical thinking tool [23-26] for problem solving is a key component of
teaching methodology. Selecting the right tool will make solving the problem easier and more accurate.

We analyze the five different mathematical thinking tools based four key criteria:

Abstraction-(#4): The process of generalizing mathematical ideas by eliminating particular specifics or real-world
settings is known as abstraction in mathematical thought. It enables mathematicians to concentrate on the fundamental
links and structure of mathematical concepts, enabling them to be applied to a wider variety of issues.
Generalization-(#,): While verification guarantees the dependability of these models and generalizations, generalization
is essential to mathematical reasoning because it converts particular facts into universal principles that direct model
building, analysis, and theoretical breakthroughs.

Visualization-(#3): Given their many uses in mathematics education, visualizations can improve students' comprehension
of abstract ideas, their ability to draw conclusions, solve problems, build connections between mathematical ideas, and
help them remember information.

Logical Reasoning-(#,): It entails identifying trends, making connections, and using reasoning to solve problems. By
decomposing complicated circumstances into smaller, easier-to-manage parts, this way of thinking helps kids comprehend
and analyze them.

Modeling-(#5): Mathematical modeling is the process of applying mathematics to depict and analyze real-world events
in order to better understand, anticipate, or solve issues. It is reducing difficult circumstances into a mathematical
framework, frequently using equations and variables, in order to acquire insights and maybe find answers.

Abstractio
n

Generaliza
tion

Modeling

Mathematical
thinking tools

Logical Visualizati
Reasoning (o]

Figure 3: Five different mathematical thinking tools
Figure 3 show the five different mathematical thinking tools
o Participation of Students-(C;)

e  Theoretical Knowledge-(C;)
e Implementation-(C;)
e  Transferability-(C,)
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5. Results Regarding Mathematical Thinking Tools

This section describes the proposed framework of non-linear Diophantine linguistic information for mathematical
thinking tools.

Step 1: We non-linear Diophantine linguistic information to gather expert opinions on mathematical thinking tools. The
findings are provided in Tables 1, 2, and 3.

Table 1: Expert 1 information

Cq C, C; Cy
fy {(sz ) S, ):} {(51114 ) Sy ) ;} {(sz ) Sy ),} {(5m4 » S, )‘}
(4,5) (4,2) (5,7) (1,3)
f, {(5m7 ) S, ):} {(Sms ) Sn, ) ;} {(5m3 ) Sn, ) ,} {(§m3 s Sng ) ,}
2,1) 4,1 (3,3) (1,3)
h3 {(Sms ’ Sﬂs ) '} {(sz ’ 5“1 )’} {(51113 ’ cS“1 ) ’} {(51111 ’ 5111 )‘}
2,2) (1,1 2,7) (5,5)
IL4 {(szt ’ Sﬂ3 ) '} {(Sms ’ Sﬂz ) ’} {(Sm4 ’ 5“1 )’} {(Sm7 ’ S“s ) ’}
(6,2) (2,1) (1,2) (4,5)
ILS {($m7 ’ c5‘711 )’} {(Sms ’ Sﬂs ) ’} {(Sms ’ Sﬂz ) ’} {(Sme ’ 5“1 ) ’}
4,4) (5,7) 3,1 (1,5)
Table 2: Expert 2 information
C, C,; C3 Cy
Ay {(sm1 S, )} (Sg Sy ) {(5m3 Sy ), (Swg»Sus )
2,1 2,1 (5,2) (2,3)
B (S5 (500:51.) (55, (5051,
(3,6) (3,2) (2,4) (4,2)
hs (Sms »Sny )' (Sms +Sny )' {(Sm“ Sy )’ (Sm4 +Sng )’
(3.,4) (3,3) (1,2) (3,2)
b ((5u5), (G50 (050 (G50
4,1 (3,4) (6,3) (2,3)
)l () ()] o))
(1,3) 42) (5,2) (5,3)
Table 3: Expert 3 information
Cq C, Cs Cy
Ay {(st S, )} {(sms Si ), {(sm Sug ) } (Smg+Sny )
(5,7) (2,3) 4,2) 2,1
Ay {(5m3 Suy ) } {(sm /Sus ), {(Sms Sus) } (Swg»Sny )
(3,3) (4,2) 4,1 (3,2)
s {(Sma'snl)'} {(sm,sns), {(sz'snl )'} (Sne ).
2,7) (3,2) (1,1 (3,3)
hy {(sm Suy ),} {(sm Su, ),} {(5m3 5) } {(Sm 5., ),}
(1,2) (2,3) (2,1 (3,4
hs {(5m6 Siy) } {(sm ,Sns )} {(5m3 Sus ) } {(sms Say ) }
3,1 (5,3) (5,7) (42)

Step 2: We use the N-LDLHWAA operator to aggregate the experts' opinions with known corresponding weights (0.35,
0.35, and 0.30). The findings are provided in Table 4.
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Table 4: Combined data
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Step 3: To process the model, we use the score function to compute the PIS and NIS values. The findings are presented in

Table 5.

Table 5: PIS and NIS values
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Step 4: In this stage, we determined the distance between alternatives and PIS/NIS in order to perform the model.
Step 5: In this stage, the row-wise weighted sum of distance values is determined.
Step 6:To make the final decision, we calculate the relative closeness index, and the decision will be made based on it.

The findings are provided in Table 6.

Table 6: Relative closeness index

oy ey ha hs
w,* 0.1330 0.3472 0.4321 0.5190 0.3097
W, 0.4302 0.3624 0.2070 0.1116 0.3117
h; 0.7639 0.5107 0.3240 0.1770 0.5017
Proposed method

0.8

0.6

2 I I
0.2
0 | | . i
h_1 h_2 h_3 h_5 h_5

Figure 4: The graphical representation of the proposed framework's outcomes

The proposed framework demonstrates that Abstraction is the greatest mathematical thinking tool

opinion, as shown in Table 6 and Figure 4.

based on expert

32



Journal of Fuzzy Intelligence Volume 2, Issue 1 (2026)

6. Comparative Analysis

This section discusses the comparison between the proposed method and existing MCDM approaches. To assess the
proposed model's accuracy and performance, we compared it with existing MCDM approaches such as GRA [27], EDAS
[28], and WASPAS [29], using the same aggregated data and criterion weights (0.24, 0.26, 0.22, and 0.28). Use the above
methods to compute the final data, and the results are shown in Table 7.

Table 7: The results based on existing MCDM methods

Methods iy f, fig Ay fg
GRA 0.6395 0.4962 0.3938 0.3099 0.4913
EDAS 0.9384 0.4761 0.2711 0.1564 0.8064
WASPAS 0.3618 0.2717 0.2395 0.1845 0.3187

Comparative Analysis

0.9

GRA EDAS WASPAS Proposed
Bhl mh2 ®mh3 ®mh4 mh5

Figure 5: Graphical representation of the comparative analysis
Based on expert judgment, the comparative analysis shows that Abstraction is the best mathematical thinking tool, as seen
in Figure 5 and Table 8. Comparative analysis demonstrates that the proposed framework is accurate and adaptable to
real-life decision-making difficulties.

Table 8: The ranking results

Methods Ranking Best
GRA Ny > hy > hg > hy > Ny Abstraction-(£,)
EDAS oy >N >Ny > Ny > Ny Abstraction-(4,)

WASPAS Py >N > Ny > Ny > Ny Abstraction-(4,)

Proposed oy >Ny > 0 > Ny > Ny Abstraction-(4,)

7. Conclusion

Non-linear Diophantine linguistic term sets are a novel concept that we developed in this work. They are a combination of
linguistic term sets and non-linear Diophantine fuzzy sets. We started by going over the basic concept of fuzzy sets and
how it may be generalized. The non-linear Diophantine linguistic term sets, along with their score and accuracy functions,
were then defined after discussing both linear and nonlinear Diophantine fuzzy sets. Now, we applied Hamacher t-norm
and t-conorm to construct the aggregation operator along with the operational rules for the proposed concept. Also, we
applied Hamacher aggregation operator in the modification of TOPSIS method for non-linear Diophantine linguistic term
sets. Then, we applied this approach to in making decisions on mathematical thinking tools and gathered reliable opinions
from three experts. We applied the modified TOPSIS to the final data after the data from these experts was aggregated
using Hamacher aggregation operator. Abstraction emerges as the most optimal mathematical tool within the given
framework. Finally, we tested the accuracy and applicability of the model that we proposed by comparing it to other
existing approaches. The comparative analysis provided demonstrates the accuracy and adaptability of the proposed
framework to practical decision-making scenarios.
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